Quantum dense coding is a protocol for transmitting two classical bits of information from a sender (Alice) to a remote receiver (Bob) by sending only one quantum bit (qubit). In this article, we propose an experimentally feasible scheme to realize quantum dense coding via entanglement swapping in a cavity array containing a certain number of two-level atoms. Proper choice of system parameters such as atomcavity couplings and inter-cavity couplings allows perfect transfer of information. A high fidelity transfer of information is shown to be possible by using recently achieved experimental values in the context of photonic crystal cavities and superconducting resonators. To mimic experimental imperfections, disorder in both the coupling strengths and resonance frequencies is considered.
Introduction
Quantum dense coding is an important task for realizing quantum communication [1] . It is a process of transmitting two classical bits of information from a sender (Alice) to a remote receiver (Bob) by sending only one qubit. This requires entanglement as an important resource. Due to potential application of quantum dense coding in quantum communication, a lot of attention has been paid to realizing this protocol in many physical systems such as optical systems [2, 3] , spin chains [4, 5, 6, 7] , cavity quantum electrodynamics (QED) systems [8, 9, 10, 11, 12, 13] , etc.
In the context of cavity QED, precise control of the system parameters makes the system as a promising candidate for realizing quantum information processing [14] . Recently, a certain number of atoms dispersively interacting with a single cavity is shown to be a physical system capable of realizing quantum dense coding [9, 12, 8, 11, 13, 15] . The importance of the dispersive coupling is to suppress the effect of dissipation. In this configuration, Alice sends her atomic qubit to Bob for further processing to retrieve the information. On the other hand, Xue et. al. proposed a scheme where the atom is taken as stationary qubit and the photon is used as a flying qubit in free space [10] .
Due to recent progress in fabrication, it is possible to realize cavities with high quality (Q) factor. With the possibility of precise control of resonance frequencies and coupling strengths of the array, coupled cavities provide a suitable physical system for realizing many quantum information protocols [16, 17, 18, 19, 20, 21, 22, 23] . The scalability of the array is an additional advantage for realizing distance communication.
Cavities have been used to realize many interesting phenomena such as entanglement generation [24, 25, 26, 27] , nonclassical state preparation [28, 29, 30, 31, 32] , localizationdelocalization [33, 34] , heat transfer [35, 36, 37] , photon blockade [38, 39, 40, 41, 42] etc by properly tuning the resonance frequencies or including material medium inside it. In addition, suitable choices of coupling strengths between the cavities provide perfect transfer of photons between the cavities [16, 17, 43, 44] .
In this article, we proposed a scheme to realize quantum dense coding protocol in an atom-cavity system. The system consists of a cavity array, and each end cavity of the array contains a two-level atom which is accessible by Alice and Bob respectively. Bob has an additional atom which is entangled with the atom of Alice. Hence, Alice has only one atom whereas Bob has two atoms. In order to transfer the information, Alice encodes the information on her qubit (atom) by applying a unitary transformation. Then, Alice allows her qubit to interact with the cavity array. If the cavity-cavity and the atom-cavity coupling strengths are properly chosen, the entanglement between Alice's and Bob's qubits transferred to both the qubits of Bob. At this point, Alice's and Bob's qubits are disentangled where as Bob's qubits are entangled. This is referred to as entanglement swapping in the literature [45, 46, 47] . Here the cavity array acts as a quantum channel and photon as the information carrier. Hence, the time scale for information transfer depends on the inter-cavity coupling strengths. We find that the fidelity of the transfer of two bits of classical information from Alice to Bob is unity in the absence of dissipation. The master equation is employed to calculate the fidelity in the presence of dissipation. Using the experimentally achievable values in the context of photonic crystal cavities and superconducting resonators, we show that the fidelity of information transfer is high. To mimic experimental imperfection, disorder is included in the system. This article is organized as follows: In Sec. 2, we describe our physical system and provide the choices of coupling strengths for the perfect transfer of information. Quantum dense coding via coupled cavity array is presented in Sec. 3. We discuss the results obtained by using experimentally achievable values of the system parameters in Sec. 4. Finally, we summarized our results in Sec. 5.
Physical system
We consider an array of N coupled cavities as shown in Fig. 1 . The end cavities of the array contain two two-level atoms q 1 and q 2 . Alice can control qubit q 1 which is present in the first cavity and Bob can control q 2 which is present in the Nth cavity. In addition, Bob has another qubit (q 3 ) in (N + 1)th cavity, which is separated from the array. We assume that qubit q 3 does not interact with the (N + 1)th cavity. Then the Hamiltonian for this system is
where ω qi is the atomic resonance frequency of the ith qubit. All the cavities are considered to have the same resonance frequencies ω. We also assume ω q1 = ω q2 = ω, i.e., both the qubits q 1 and q 2 are resonantly interacting with their respective cavities. The coupling strength between the kth and (k + 1)th cavities is J k , and g is the coupling strength between the qubits and their respective cavities. We choose the form of the coupling strengths g and J k as
where N is the number of cavities in the array and J is a constant. Similar choices of coupling strengths are used for the perfect transfer of photon in a coupled cavity array [16, 48] . The operator a k (a † k ) is the annihilation (creation) operator for the kth cavity. The raising and lowering operators for the ith qubit are (σ + ) qi = (|e g|) qi and (σ − ) qi = (|g e|) qi respectively. Here, |g i (|e i ) is the ground (excited) state of the ith qubit. A basic requirement for realizing quantum dense coding in our system is perfect transfer of a quanta between the qubits q 1 and q 2 . If the qubit q 1 is in the excited state, and rest of the cavities and qubits are in their respective ground state, then the evolved state under the Hamiltonian H is (for derivation refer the Appendix. A)
where
Here |vac is the state that represents all the cavities are in vacuum. The state |k represents the kth cavity is in a single photon state and the rest of the cavities are in vacuum. The probability of transferring a quanta from q 1 to q 2 is
The probability P becomes unity at time t = π/2J, which we denote as T . This is the minimum time required to transfer a quanta between qubits q 1 and q 2 .
Quantum dense coding in the array
In this section, we describe the dense coding protocol in our physical model. We consider the initial state of the system as
where the qubits q 1 and q 3 are entangled. This state can be prepared experimentally via entanglement swapping [45, 46, 47] . In order to encode the two classical bits in a single qubit, Alice applies unitary operation on her qubit depending on the choice of the classical bits. Table 1 shows the choices of classical bits and the corresponding unitary operations to be applied on Alice's qubit. 
The actions of unitary operators on the qubit
Then, the initial state given in Eqn. 6 after the unitary operation becomes
. Now, Alice allows the qubit q 1 to interact with the cavity array. Then, the above states evolve under the Hamiltonian H as
The expression for C k is given in Eqn. 4. We set ω/J = 4n − (N + 1) and ω q3 /J = 4m (n and m are two integers) for subsequent discussion. Then the evolved states at the time T = π/2J are
It is to be noted that the qubits q 2 and q 3 become entangled in all these cases. In other words, entanglement between the qubits q 1 and q 3 was swapped to q 2 and q 3 . The time T = π/2J is the minimum time to transfer the information (swap the entanglement) and at this time Bob has to decouple qubit q 2 from the array. To decode the information, Bob applies a CNOT operation on his qubits q 2 and q 3 . The CNOT operation [49, 50, 51] transforms the basis states as U CN OT |g 2 |g 3 = |g 2 |g 3 , U CN OT |g 2 |e 3 = |g 2 |e 3 , U CN OT |e 2 |g 3 = |e 2 |e 3 and U CN OT |e 2 |e 3 = |e 2 |g 3 . The CNOT operation essentially disentangles qubits q 2 and q 3 [51] . After the CNOT operation, Bob applies a Hadamard operation on qubit q 2 . The Hadamard operation [52] transforms the states as U H (|g 2 + |e 2 )/ √ 2 = |g 2 and U H (|g 2 − |e 2 )/ √ 2 = |e 2 . After the CNOT and Hadamard operations, the states given in Eqns. (9a-9d) become |g 2 |g 3 , |e 2 |g 3 , |g 2 |e 3 and |e 2 |e 3 respectively. Now, by mapping the states |g → 0 and |e → 1, Bob recovers the classical bits.
It is to be noted that the probability of transferring the information depends on the evolution of the states from Eqns. (7a-7d) to Eqns. (9a-9d). Hence, the fidelity of information transfer is
Fidelities are shown in Fig. 2 . It is seen that fidelities are unity at T = π/2J. We have chosen ω/J = 4n − (N + 1) and ω q3 /J = 4m with n = 2500, m = 2500 and N = 4. Hence, the choice of coupling strengths given in Eqn. 2 ensures perfect transfer of information. It is seen that F 1 = F 2 and F 3 = F 4 . 
Results and discussion
In this section, we will discuss the quantum dense coding protocol by considering experimentally achievable parameters. As dissipation is unavoidable, we include the dissipation in the system. Loss of photons may occur via spontaneous emission or leakage through the cavity walls. The effect of dissipation on the fidelity of information transfer is studied by analyzing the master equation. The master equation that includes the dissipation in the system is [53] 
where L[o]ρ = 2oρo † − o † oρ − ρo † o is the Lindblad superoperator [54] , and k and γ are the dissipation rates of cavities and atoms respectively. In order to minimize the effect of dissipation on fidelities, a cavity array with high quality factors (Q-factors) is necessary. High Q value implies that the photon life time inside the cavity is large. Recently, photonic crystal cavities with large Q factor have been fabricated and the order of Q-factor was ∼ 10 6 [55, 56, 57] . Another factor that can minimize the effect of dissipation is the coupling strength. If the cavities are highly coupled then the time for the information transfer will be small, as a result the effect of dissipation will be small. Highly coupled cavities are already been realized in the context of photonic crystal cavities whose coupling strengths are of the order of ∼ THz [58] . Hence, an array of photonic crystal cavities may be a suitable physical system for realizing this protocol. Another platform which is suitable for realizing the quantum dense coding protocol is a superconducting resonator array. It is possible to fabricate superconducting resonators with Q-factors larger than 10 6 [59] . For the purpose of demonstration of quantum dense coding, we plot F 1 and F 3 as a function of k/2π in Fig. 3 by setting (ω/2π, ω q3 /2π) = (6.92, 7)THz, (J/2π, g/2π) = (7, 23.21)GHz and the atomic decay rate γ/2π = 3.5 MHz. These values are easily achievable in photonic crystal cavities [58, 60, 61, 62, 63] . As seen from the figure, the fidelity of information transfer is more than 0.98 even for large dissipation rate. We have taken N = 10. The time for information transfer is π/2J ∼ 0.22ns, which is much smaller than the cavity decay time 2π/k ∼ 14ns for k/2π = 70 MHz. In the case of superconducting resonators, we set J/2π = 1.9 MHz, ω/2π = 1.88 GHz, ω q3 = 1.9 GHz and the coupling between the resonator and superconducting qubit is taken to be g/2π = 6.3 MHz [64, 65, 66] . The decay parameters are chosen to be k/2π = 1.8 kHz and γ/2π = 1 kHz. The number of resonators in the array is N = 10. Using these values, the fidelity of information transfer is found to be 0.992. In this case, the time for information transfer is 0.82µs while the resonator relaxation time is 0.87ms.
In a realistic situation, apart from dissipation, another factor that can reduce the fidelity of transfer is disorder in the system. As seen in the previous section, a suitable combination of coupling strengths as is given in Eqn. 2 provides perfect transfer of information if the cavities and atoms are in resonance. However, in an experimental situation, precise control of coupling strengths and resonance frequencies may not be possible. Hence, we consider small disorder in the coupling strengths as well as in the resonance frequencies. We first consider the effect of coupling disorder. Let the coupling strength J k fluctuates around J k ± δJ 2 such that δJ is the width of the disorder. Here J k is the coupling strength between the kth and (k + 1)th cavities. So, J k has to be chosen randomly between J k − δJ 2 and J k + δJ 2 . Also, we assume that the atom-cavity coupling strength g fluctuates within a range δg. For simplicity, we take δg = δJ. For a given set of coupling strengths that are chosen randomly from within the aforementioned interval, we calculate the fidelity of transfer at T = π/2J and take average over all the sets of coupling strengths. We take 1000 realizations, i.e., 1000 sets of coupling strengths are chosen randomly from within the interval. Fig. 4 shows average fidelities F 1 and F 3 as a function of the percentage of the disorder. Percentage of the disorder is defined as
is the average of all the coupling strengths. We set J/2π = 7 GHz and the width of the disorder δJ is varied up to 30% of J . As can be seen in figure, the fidelity is more than 0.95 even in the presence of large disorder in coupling strengths. As, F 1 = F 2 and F 3 = F 4 , we only plot F 1 and F 3 in the figure.
Now, we consider the disorder in the resonance frequencies. Let the cavity resonance frequencies are fluctuating around ω ± δω/2. Hence, the width of the disorder is δω. We plot the average fidelities F 1 and F 3 in Fig. 5 as a function of δω/J. The average is taken over 1000 realizations, i.e., the set of resonance frequencies are chosen 1000 times from within the aforementioned interval. As can be seen in the figure, the fidelity of information transfer is high even in the presence of large detuning between the cavities. Hence, the scheme is robust in the presence of experimental imperfections like coupling disorder and frequency disorder.
Summary
Quantum dense coding is one of the most important protocols for realizing quantum communication, where two bits of classical information can be transferred by sending only one quantum bit. We have proposed an experimentally realizable quantum dense coding protocol via entanglement swapping in a cavity array containing certain number of atoms. By suitably choosing the inter-cavity coupling strengths and the atom-cavity coupling strengths, the fidelity for transfer of the information from the sender to receiver is high even in the presence of dissipation and disorder. It is possible to transfer the information with fidelity more than 0.95 in the context of photonic crystal cavities and superconducting resonators. Fidelities can be improved further by improving the quality factor of the cavities and increasing the coupling strengths. Our scheme is also robust against experimental imperfections such as disorder in the coupling strengths and resonance frequencies. Recent progress in the fabrication of high quality cavities suggests that our scheme may be a good candidate for realizing quantum dense coding protocol in the context of cavity QED. The proposed scheme can also be implemented in the context of spin chains, Josephson junction array, quantum dot array, optomechanical cavity array, etc. We believe that our scheme will be of use for realizing future quantum communication.
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Appendix A: Time evolution of the state
The Hamiltonian given in Eqn. 1 in interaction picture is 
One can see that this Hamiltonian is equivalent to the Hamiltonian corresponding to two coupled cavities having (N + 1) quanta. The Hamiltonian for the two coupled cavities is H int = J(ã † 1ã 2 +ã 1ã † 2 ). Also, the basis states of both the systems can be mapped to each other, i.e., {|e 1 |vac |g 2 } → |N + 1, 0 , {|g 1 |1 |g 2 } → |N, 1 , {|g 1 |2 |g 2 } → |N − 1, 2 ,......, {|g 1 |N |g 2 } → |1, N and {|g 1 |vac |e 2 } → |0, N + 1 . Similar kind duality has already been used in the context of cavity array [16] .
As the Hamiltonians are equivalent, the time evolution of the states is also equivalent. Evolution of the state |N + 1 − n, n under the interaction Hamiltoniañ H int is e −iH int t |N + 1 − n, n =e −iH int tã †N +1−n 1ã †n 2 (N + 1 − n)!n! |0, 0 .
Using Baker-Hausdorf lemma [67] , we obtained e −iH int tã 1 e −iH int t =ã 1 cos Jt + iã 2 sin Jt, e −iH int tã 2 e −iH int t =ã 2 cos Jt + iã 1 sin Jt. Using these relations, Eqn. A3 becomes e −iH int t |N + 1 − n, n = (ã † 1 cos Jt − iã † 2 sin Jt) N +1−n (ã † 2 cos Jt − iã † 1 sin Jt) n (N + 1 − n)!n! |0, 0 .
Using binomial expansion, we arrived at e −iH int t |N + 1 − n, n = N +1−n 
